
Dubovickii-Miljutin Theory andPontrjagin's MaximumPrincipleKevin R. VixiePortland State University and Los Alamos NationalLaboratoryAbstractIn this talk I give a brief introduction togeneralized Lagrange multipliers and then applythem to elucidate the idea of the proof ofPontrjagin's Maximum Principle.
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Optimal Control: Thebang-bang principleSuppose that we are driving a one dimensional vehicle ...P1.1: Path a � x � bP1.2: Contraints k�xk � 1P1.3: Initial Conditions x(0) = a , _x(0) = 0P1.4: Final Condition x = bP1.5: Input the acceleration , �xP1.6: Objective minimize time taken to go from a to bThen ...
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Theorem. [Bang-Bang Principle] The solution of P1 isto accelerate at 1 for sqrt(4(b� a))=2 seconds and thento accelerate at -1 for sqrt(4(b� a))=2 seconds.(Therefore implying that the optimal input or control isdiscontinuous!)A picture ...
Time

Velocity

t = Tt = 0

Area =
   Distance travelled

Acceleration = 1

Acceleration = -1

Curve lies in trianglular region ... (intermediate valuetheorem) 3



Constrained Optimization: TheUsual Elementary CaseTypical approach to constrained optimization as seen in a�rst course in calculus, is to use Lagrange multipliers.P2.1 Objective Maximize f(x); f : Rn ! RP2.2 Constraint g(x) = 0; g : Rn ! RTheorem. [Necessary Condition] For x� to be asolution of P2, rf(x�) = �rg(x�)for some � 2 R.
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Another Picture ...
X*

Gradient of  f

Gradient of g

g = 0

f = 0

f = 1

f = 2

the normal vectors must colinear ... in fact if we have thatg � 0 as the constraint, then � � 0.
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Constrained Optimization:Dubovickii-Miljutin TheorySuppose we modify the previous example to a bit moregeneral picture.P3.1 Objective Maximize f(x); f : Rn ! RP3.2 ConstraintsGi(x) � 0; i = 1; 2; :::;m;Gi : Rn ! RP3.1' Objective Minimize �f(x) � �f(x); f : Rn ! RP3.2' ConstraintsGi(x) � 0; i = 1; 2; :::;m;Gi : Rn ! RTheorem. [Necessary Condition] For x� to be asolution of P3, rf(x�) =Xi �irGi(x�)for some f�igm1 2 Rm+ . 6



Another picture,
Gradient of g

Gradient of g

Gradient of f

f = 0

f = -1

g   =  0

g   = 0
1

2

2

1

In this case we will have that �1 and �2 are bothnonnegative.Commentsm < n Lagrange relation specialm = n Intersection typically one pointm > n Intersection special ... typically some constraintsnot active 7



Cones and Dual ConesReview ...Vector SpaceHausdor�Topological Vector SpaceSeminormLocally convex spacesDe�nition. [Cones and Dual Cones] 1) A subset K, ofa locally convex space X is a cone if, given that k 2 Kand � > 0 this implies �k 2 K. 2) K+ is the dual coneto K, de�ned to be all the elements k̂ of X� such thatk̂(k) � 0 8k 2 K.For example the dual cone of a half space is a ray normal tothat half space. Here we have identi�ed the space and it'sdual ...
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If we look at a cone K (green) in R2 and its dual cone K+(red) in (R2)� we might have something like ...
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Facts:Convexity: Cones need not be convex ... dual conesalways are.Duality K++ = �coK when K 6= ;.Minimum Values If f 2 X� and K 6= ;, thenfinf f(k)jk 2 Kg = 0 i� f 2 K+ andfinf f(k)jk 2 Kg = �1 i� f 3 K+. 9



Now we come to the three main results of this section.Each one is really a special of the previous one.Suppose thatA1: K0;K1; :::;Kn+1 are convex cones in a real LCS XA2: K0;K1; :::;Kn are open and K0 6= ;.then,Lemma. [Dubovickii-Miljutin]Kint � n+1\i=0 Ki = ; () f0 + f1 + :::+ fn+1 = 0where fi 2 K+i , and fi are not all zero.� Examples
10



Idea of Proof [1, v.3,ch.48]:(()� assume not ... and u 2 Kint� w.l.o.g. f0(v) 6= 0 for some v.� f0(u) + �f0(v) � 0 for all � in a nbhd. of 0.� contradiction())� (*)  m\i=0Ki!+ = K+0 +K+1 + :::+K+mfor m � n.� there is an m � n such thatK � m\i=0Ki 6= ; ; Km \Km+1 = ;� K is open and can be separated from Km+1 ... i.e.f̂ 6= 0; 2 X� and f̂(Km+1) � a � f̂(K), (a 2 R).11



� Therefore, f̂ 2 K+, �f̂ 2 K+m+1.� Use (*) to get that f̂ = f0 + f1 + :::+ fm , somef0; f1; :::; fm 2 (K+0 ;K+1 ; :::;K+m) and setfm+1 = �f̂ . Set fm+2 = fm+3 = ::: = fn = 0.� Done (almost)� idea of proof of (*) still needed.� (�) easy� (�) not so easy ... uses Krein extension theorem ...� Y �Qmi=0X, it's diagonal L, and C �Qmi=0Ki.� (Qmi=0X)� = Qmi=0X�.� f 2 (Tmi=0Ki)+ , F de�ned via f on diagonal.� F � 0 on C \ L ... KE theorem ... F � 0 on C.� F = f0 + f1 + :::+ fm ; fi 2 X�.� fi 2 K+i .� Done!
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Second result ... A little more familiarstatement!(remember, we are heading towards constrained max/minproblems in Banach spaces!)Problem: Minimize F0(u) given,� Inequality type constraints: u 2 Nj, j = 1; :::; n� Equality type constraint: u 2 Nn+1Goal: Find necessary condition of the formf0 + f1 + :::+ fn+1 = 0 ; fi 2 K+iFor some as yet unde�ned dual cones derived from theconstraints.Cones made up of:� regular descent directions K0� admissable directions Kj , j = 1; :::; n� tangential directions Kn+1 13



Theorem 1. Given the assumptions,� D(F0) is a functional in neighborhood of u0� N1;N2; :::;Nn are subsets of X with nonemptyinterior, but Nn+1 may have empty interior.� K0;K1; :::;Kn+1 are convex and K0 6= ;we have thatNecessary Condition If u0 is a local solution to the aboveproblem, there exists fi's in the K+i 's such thatf0 + f1 + :::+ fn+1 = 0.Nondegeneracy Ti6=kKi 6= ; ) fk 6= 0Su�cient Condition The necessary condition is su�cientto guarentee that u0 is a global minimum if� F0 : X ! < is convex and continuous� N1; :::;Nn+1 are convex and there is a point h inthe interior of N1; :::;Nn which is also in Nn+1. 14



Proof of Theorem 1:... use the Lemma! ... and use some intuition for theNondegeneracy and Su�cient conditions.(Theorem 1 is due to Dubovickii and Miljutin (1965) )
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Third result ... Constrained optimization(in�nite dim.)!As preparation for the next theorem, we consider theproblem that will look most familiar to those aquaintedwith constrained optimization.Problem: Minimize F0(u) with the constraints given byC1 Fj � 0 , j = 1; :::; n� 1C2 u 2 NnC3 Fn+1(u) = 0... Assuming that we have ...A1 F0; :::; Fn�1 : X ! < are F -di�erentiablefunctionals.A2 Nn is a convex subset of X with non-empty interior.A3 Fn+1 : X ! Y is a continuously F -di�erentialoperator.A4 X and Y are real Banach spaces.A5 Regularity: The range R(F 0n+1(u)) is closed in Y.Then we would like nec. and suf. conditions ... 16



Theorem 2. [Generalized Kuhn-Tucker Theory] Forthe above minimization problem we have the followingcondition that is necessary for u0 to be a local solution.i=n�1Xi=0 �iDFi(u0)(u�u0)+hy�; DFn+1(u0)(u�u0)i � 0 8u 2 Nnwheremultipliers: �i � 0 ; y� 2 Y �non-degeneracy condition: �iFi(u0) = 0for i = 0; :::; n� 1.If �0 > 0 and F0; :::; Fn�1; hy�; Fn+1(�)i are convex onX, then the condition is su�cient for u0 to be a globalsolution to the minimum problem.A Pause to Collect and Consider ...� Theorem 2 \=" Theorem 1� Theorem 2 permits us to work in functional spaces!! 17



Another picture ...

N

F  =  min

F  = 0

normal to F  = min

normal to F  = 0

Cone of admissable directions for N  at u

1

0

0

1

2

2 0... on to Pontrjagin's maximum principle. 18



Pontrjagin's MaximumPrinciple: proof via DM theoryThe maximum principle concerns itself with solutions to acontrol problem that minimize some functional. Forexample, one might want to minimize the time taken tomove from point A to point B under constrained controls.This is what we considered in the bang-bang principleabove.In the following we will focus on the statement of theprinciple and a very brief overview of how the proof isapproached. The details will be completely glossed overwith a couple of exceptions. For the details, one shouldconsult [1, v.3,ch.48,p.422-33]. What I try to clarify is thefact that we prove the PMP by pushing the problem into aform permitting the application of Theorem 2 ... modulothe introduction of a time scaling function ... and then getthe result via the introduction of adjoint states.
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Optimal Control Problem P:Control Functional: R t2t1 f(y(t); w(t); t)dt = min!Control Equations: _yi(t) = gi(y(t); w(t); t)Boundary conditions: hi(t2; y(t2)) = 0Control constraints: w(t) 2W [t1;t2]...where: i = 1; :::;N ; yi(t1) = ai; f; gi, and hi are C1Comments:� This covers a huge amount of ground ... note that weobtain discontinuous vector �elds through thedependance upon the control w(t) which can bediscontinuous.� we assume t1 is �xed, but that t2 is determined by thesolution.De�ne:H(y;w; p; t; �0) � NXi=1 pigi(y;w; t) � �0f(y;w; t)20



The Theorem ... at last!Theorem 3. [Pontrjagin's Maximum Principle] Giventhat (y(t); w(t); t2) is a solution to P we have that,� 9�0; �1; :::; �N , not all zero and �0 � 0� 9 functions pi(t), i = 1; :::;N , continuous on [t1; t2]such thatH(y(t); w(t); p(t); t; �0) = maxw�2W H(y(t); w�; p(t); t; �0))and _pi = �Hyi ; yi = Hpi ; i = 1; :::;Npi(t2) = � NXj=1 @hjyi (t2; y(t2))�j ; i = 1; :::;N 21



Idea of Proof:� introduce t = v(�) to transform time t to � 2 [0,1].� compute the derivatives� �0F 00(�u)(u� �u) + hy�; F 02(�u)(u� �u)i � 0� introduce adjoint coordinates ... (looks right now)� switch back to time t.� doneNext an example ... the Euler-Lagrange equation ofclassical mechanics.
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Example: Classical Mechanics� R T0 L(x(t); u(t))dt = min!� _x(t) = v(x(t); u(t)), on [0; T ]� T �xed� u(t) 2 UDe�ne H(x; u; p) � pv(x; u)� L(x; u) and we get� _p(t) = �Hx(x(t); u(t); p(t))� p(T ) = 0� H(x(t); u(t); p(t)) = maxu2U H(x(t); u; p(t))� ... which is Hu(x(t); u(t); p(t)) = 0 for smooth H.SO, specializing to the case where v � u and U = <, weget� u(t) = _x(t)� H = p(t) _x(t)� L(x(t); _x(t))� p(t) = L _x(x(t); _x(t))� _p(t) = ddtL _x(x(t); _x(t) = Lx(x(t); _x(t)) 23



SummaryOutline reiterated:� Optimal Control: The bang-bang principle� Constrained Optimization: The usual elementary version� Constrained Optimization: Dubovickii-Miljutin Theory� Pontrjagin's Maximum Principle: proof via DM theory� Example: Classical MechanicsThe moral of the story is that Pontrjagin's MaximumPrinciple boils down to a result about cones and dual conesin Banach spaces ... that at optimal points the intersectionof admissable cones is empty and that this can be translatedinto a generalized langrange multiplier sum of dual vectorsthat is non-negative in some cases and identically zero inothers. (admissable cones = cones of admissible directions)Reiteration of key result ...
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Key Result:Suppose thatA1: K0;K1; :::;Kn+1 are convex cones in a real LCS XA2: K0;K1; :::;Kn are open and K0 6= ;.then,Lemma. [Dubovickii-Miljutin]Kint � n+1\i=0 Ki = ; () f0 + f1 + :::+ fn+1 = 0where fi 2 K+i , and fi are not all zero.References[1] Eberhard Zeidler. Nonlinear Functional Analysis and itsApplications. Springer Verlag, 1985. (in �ve volumes).25


